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Lossy Source Coding Problem - Case of a Noiseless Channel

px : probability distribution finite support distortion fonction :

n € N* . symbols block-length d(z,z1) € R
|Xo| : finite number of available messages l l

‘—»Enc:¢ 0 Dec:z/1—>1
i.i.d

1 n
(problem) D" = mm Eln Zd X, X 1

=1
(solution) D* = min E[d(X, Xl)] distortion-rate function
Px,|x
I(X; X4) < log, || with I(X;X1) = Dk (pxpx, x||pxpx,)

Kullback-Leibler divergence

Theorem [Shannon 1959]
lim D" = inf D" = D*

n—+00 neN



Lossy Source Coding Problem - Distortion-Rate Trade-off

distortion fonction :

px : probability distribution finite support
d(z,x1) €R l

n € N* . symbols block-length l

R >0 : growth rate number of messages
X" Me{1,...,2"R X7
‘—» Enc: ¢ { ;i Dec : ¢ N
ii.d.

(problem) D"(R) = mgl El;id(XnXu)]

(solution) D*(R) = min E[d(X, Xl)] distortion-rate function
Px,|x
I(X;X;) <R with  I(X;X1) = Dkr(pxpx, x||pxpx,)

Kullback-Leibler divergence

Theorem [Shannon 1959]
VR >0, lim D"(R) = inf D"(R) = D*(R)

n—+00 neN



Mismatch Distortion-Rate Problem

px : probability distribution finite support Two d|st|n;t((gicls;or)tlganonctlons :
n € N* : symbols block-length 0" =1

R > 0: growth rate number of messages di(z,71) €R

n Me{1,...,2mR X7
‘LEnc:qﬁ e{t...2m Dec : th ——
i.id

roblem) D7(R)= inf max E
(p ) DI(R) nf max.

1 n 1 n
ntz_;dl(Xt’Xl’t)‘| A(w) = argminEan Xt7X1t ]

Theorem [Lapidoth 1997] : achievability bound
VR >0, lim DP(R) = inf D} (R) < Di(R)

n—-+400 neN



Achievability bound of [Lapidoth 1997]

Di(R) = inf max E[dl(X, Xl)}
PXor Px1|Xg fxxg
€F(rxg Px11x0 "R
where X codebook random variable

F(pxo,Px,|x,-R) =  argmin E{dO(X,Xl)}
fxxo€D(pxq,R)

D(pXmR):{fXXo GP(XXXO)7 fX:an on:pXm I(XXO)SR}

Random coding argument :
e Fix distributions px, fxx, and px,|x,
e Generate codebook (X¢'(m)),,e1,... 2nrry ii.d. according to px,
e Decoding function 1) : generates X7 i.i.d. according to px,|x, for Xg(m)

Knowing v and z™, encoding function ¢ selects m € argmin IEH S do(xt,let)}

— Main difficulty : study of the empirical distribution induced by this specific encoding function ¢



Strategic Communication - Sender Receiver Game

Four scenarios :

1. Cooperative scenario :
joint selection (¢,) (Shannon 1959)

2. Encoder decides first : Bayesian persua-
sion (Kamenica and Gentzkow 2011)

3. Decoder decides first : Mechanism design
(Jackson and Sonnenschein 2007)

O\

4. Simultaneous decision : (¢, ) form Nash

equilibrium (Crawford and Sobel 1982) Les tricheurs, e Caavage, 1595



Large Information Rate - Mechanism Design in Game Theory

Two distinct distortion fonctions :

px : probability distribution finite support do(z, 1) € R

n € N* : symbols block-length

R =log, |X| : #messages equal #source sequences di(z,21) €R
xXn m Xn
‘—> Enc: ¢ X Dec : ¢ N
ii.d.
(solution) D= min E[dl(X, Xl)]

Px,|x€Y

where G set of distributions px,|x that satisfy Vfy/ x st. > px(z)fx/x(|z) = px :
ZPX T)px, | x (1|r)do(z, 1) < Z px (@) fxr x (@ |2)px, |x (x1]2")do (2, 21)

xT,rq1 T,z T

Theorem [Jackson and Sonnenschein 2007]

R = log, |X] = lim D}(R) = inlfNDf'(R) =Dy
ne

n—-+oo



Our Contribution : New Converse Bound

px : probability distribution finite support Two d|st|n;t((gicls;or)tlganonctlons :
n € N* : symbols block-length 0" =1

R > 0: growth rate number of messages di(z,71) €R

n Me{1,...,2mR X7
‘LEnc:qﬁ e{t...2m Dec : th ——
i.id

roblem) D7(R)= inf max E
(p ) DI(R) nf max.

1 n 1 n
ntz_;dl(Xt’Xl’t)‘| A(w) = argminEan Xt7X1t ]

Theorem [Le Treust and Tomala 2024] : converse bound

VR >0, D:(R) < lim D¥(R) = inf D?(R) < D}(R)

n—+00 neN



New Converse Bound

Dl(R) :leg(ueng( R) :DX X [dl(x Xl)}

G(R) set of distributions px,|x that satisfy :

1. Information constraint :
I(X;X1) <R

2. Mismatched encoding constraint :

ZPX pxl\x (w1|z)do (2, 21) < Z pX(x)fX’\X(x/|x)pX1|X(1'1|x/)d0($71'1)7

T,x1 z,x’ Ty
Vivix st Y px(@)fxx(le) = px
x
3. Tie-breaking rule : Vfx/ x satisfying (1) with equality :

> px(@)px, x (@1]z)di(z,21) > > px (@) fxox (@ |2)px, x (@1 ]2)da (2, 1)

T,r1 z,x’,x1

(1)



Sketch of Proof of the Converse Bound
Fix blocklength n, decoding v, and encoding ¢ € A(¢)) that maximizes ]EH S da (Xt,XLt)}

Average distribution :

V(z,21), axx, (@, 1) ZPX,X“ T, 1) « marginal of p" (z")(mla")i(7 m)

1. Information constraint : nR Z I(X",M) >I(X™XT) 2> e I( X X ) 2 nl (X5 X)

2. Take fx/x s.t. >, px(x)fx/x(-|z) = px and construct encoding ¢’ = ¢ o f®f’|’X

1 n
ZPX z)qx, | x (1|z)do(z, 21) = ¢[nZdO(XtaXl,t):|
t=1

1 n
< Ey4 [n ZdO(XtaXl,t):| = Z px (@) fxr 1 x (@|2)gx, x (1|2 )do (@, 1) (2)
t=1 z,x’ x1
3. Tie-breaking rule Vfx/ x satisfying (2) with equality :
ZPX 7)qx, x (z1]|z)di (2, 21) > Z px (@) fxr x (@ |)gx, | x (z1|2")dy (@, 21)

T,T1 z,x’ T



Cases Where the Two Bounds Match

1. Large information rate : R = H(X)

N

. Binary uniform source and binary reconstruction : |X| = |X;| = 2
3. Distortion function only depends on the symbols X; : do(z,z1) = do(z1)

4. Zero-sum distortion functions : do(x, 1) + di(x,21) =0

Theorem [Le Treust and Tomala 2024]

Assume that one of the four above hypothesis is satisfied :

VR >0, D:(R)= lim D!(R) = inf D?(R) = D*(R)

n——+00 neN



1. Large information rate : R = H(X)

Idea : Identify codebook random variable Xq = X : the encoder truthfully reveals the source

Di(R)= min E

di(X, Xl)}
px,1x €G(R)

Pxq|Xx [

1. Take distribution py | € G(R)
2. ldentify codebook random variable Xy = X

3. Construct encoding ¢ : one-to-one mapping source to codeword : X™ — X (M)

Di(R) = E dl(X,Xl)} -  max

Fxxq
EF(Pxg:PXq| X0 R

Py x [ EfXXOPX1|XO [dl(Xv Xl)} > D;(R)



2. Binary Uniform Source and Binary Reconstruction : |X| = |X;| = 2

Idea : Identify codebook random variable Xy = X7 : the encoder tells decoder which symbol to output

Take pX, | x € G(R) with (1, v) € [0,1]? such that I(X; X;) =R

X 1 Xy
— W
1 0 0 1—g¢g
2 K
3 1 . 1 4q
2
1—v

Let ox/|x be the permutation of the binary state.

1—p I

v
D(p¥.,R) = conv {{pxp;mx} U {pxaqup}lx}} - conv{ ( ) , ( 2,
2 2 2

—
M\tM‘I
R
N———
~—

fxxo = pxPx, x belongs to F(px,,Px,|x,,R) and achieves the maximum in

max E [
Ixxg fXXO]lxl\XO

EF(PX( PXq|XoR)

dy (X, Xl)} = Di(R) > D*(R).



3. Distortion function only depends on the symbols Xj : dy(x, z1) = do(x1)

This is the “transparent motives” assumption in Game Theory literature

Pessimistic tie-breaking rule — the worst encoding function for E[d; (X, X;)] given px, is selected

Take distribution px,|x € G(R), tie-breaking rule reformulates as

> px(@)px,x(@ilz)di(z,21) = > px (@) fxx (@ 2)px, x (@1]2)dy (2, 21),  Vfxx € H
21 z,x’ 1
The solution reformulates

Di(R) = min  Epp, [d:(X,X1)| = Di(R).



4. Zero-sum distortion functions : dy(x, z1) + di(x,21) =0

By hypothesis, do(x, 1) = —dy(z, z1)

Pessimistic tie-breaking rule — mismatched encoding constraint is equivalent to tie-breaking rule

Take distribution px,|x € G(R), then

]:(pXovallXov R) = argmax Efxxopxl\xo {dl(X’ Xl):|
fxxy€D(pxy,R)
Both solutions reformulate as

o o
Di(R) = min Epps, [h(X,X)] = Di(R)



Take Away - Mismatch Distortion-Rate Problem

px : probability distribution finite support Two d|st|n;t((jcls;or)tlganonctlons :
n € N* . symbols block-length 0" =1

R > 0: growth rate number of messages di(z,71) €R

n M 1,...,27R X7
‘LEnc:cﬁ {27 Dec : ) ——
ii.d.

(problem) D7 (R)= inf max E

% ; d1 (X4, Xl,t)‘| A(¢) = argmin E l; Z do(Xy, XU)}

Y pEA(Y) t=1
(single-letter) 51(R) = min ]E{dl(X, Xl)} lower bound mismatch distortion-rate function
Px;1x€G(R)

Theorem [Le Treust and Tomala 2024]
Assume that one of the four above hypothesis is satisfied :
VR >0, B\(R)=_lim_D}(R)= inf D}(R) = Di(R)



